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2. Radiation interaction with materials 
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Lambert-Beer’s law: Differential form 

Monochromatic radiation  

(Volume) Extinction coefficient ( )　 [e] = 1/m 

L L +dL 

dx 

dL = eLdx
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Scattering phenomenon

P( )
4

d = 2 P( )d cos
1

1

= 1

Scattering of radiation to other angles
Scattering angle : 
Scattering coefficient : s (m-1)
Scattering phase function : P( )
Direct radiance:
Scattered radiance:   

L

dx

adxL

+sP( )dxL

dL = edxLd

dL = sP( )dxLd

L-edxL d
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Absorption and scattering 

L 
L+dL 

dx 

Absorption and scattering phenomena with coefficients for absorption and 
scattering: a (1/m) and s (1/m) 

Energy conservation: e Ldx = a Ldx + s L dx  leads  e = a + s 

Single scattering albedo: = s/e  

Particle system composed of (equivalent) spheres with radius r with a number 
density N (1/m3) 

Geometrical cross section: Cgeo 

Optical cross sections (coefficients) for absorption, scattering and extinction:  

          Cabs, Csca, Cext 

Efficiency factors: only depend on the size parameter = kr 

dL = eLdx

aLdx

sLdx
Cgeo = r2

Cabs = QabsCgeo, Csca = QscaCgeo, Cext = QextCgeo

Cext = Cabs + Csca

= kr =
2 r

a = CabsN , s = CscaN , e = CextN
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Direct radiation ( ) 

Optical thickness ( ), depth [m]x[1/ m]=[1] 

Optical airmass m 

Solar zenith angle ( ) 

Lambert-Beer’s law: Integral form 

L0 

L 

0 

dL = eLdz / cos 0

L = L0 exp( m)

T L / L0 = exp( m)

= e(z)dz, m = 1 / cos 0

z
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Large particle limit 

Large particle limit 

Refraction and diffraction 

But, why is the cloudy sky so 
bright? 

Qext 2,

Qsca 2 ( = 1), 1( < 1)

= e x

T = exp( m )

e = QextCgeoN = 2 r2N

Ray optics ( ) 



7

Refractive index 

Complex refractive index ( ) 

Snell’s law 

Lambert absorption coefficient c2

c1
1

2

E = E0 e
i( t mk0 x )

m = mr imi

sin 1

sin 2

=
c1
c2

= m12 , = k1c1 = k2c2 , k2 = m12k1

E
2
= E0e

i( t mk0 x )
2
= E0

2
e x

= 2mik0 =
4 mi
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Small particle limit 

Small dielectrics; Rayleigh scattering (Dipole scattering):  r6 -4 

Loosing the efficiency of scattering 

Infrared region: Absorption is dominant 

Rayleigh (1871) 
van de Hulst (1957) 

= (mr
2
+ mi

2 )2 , = mr
2 mi

2 , = mrmi

z1 = + 4 + 4, z2 = 4 +12 + 9

1 =
24

z1
, 3 = [

4

15
+
20

3z2
+
24

5z1
2
(7 + 4 20)]

4 =
8

3z1
2
[( + 2)2 36 2 ]

s4 =
8

3z1
2
[( + 2)2 + 36 2 ]

Qext = 1 + 3
3
+ 4

4

Qsca = s4
4 , if < 1.5

s s4
4 r2N = s4 (2 )4 r6 4N

mi = 0 : 4 = s4 , = 1

mi > 0 : 0, e V

p=qr 

 
Dipole scattering 
( ) 

= ka =
2 a
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mr = 1+ m, mi = 0

= mr
4
= 1+ 4 m, = mr

2
= 1+ 2 m, = 0

z1 = 1+ 4 + 4 + 8 + 4 = 9 +12 9

s4 =
8

3z1
2
( + 2)2 =

25

33
m2

Csca s4x
4 r2 =

25

33
m2 (2 )4 4r6

N = 1 / (
4

3
r3)

Csca =
25

33
m2 (2 )4 4 (

3

4 N
)2 =

32 3

3 4
(
m

N
)2

Small particle limit (2) 

E 
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Refractive index of air 

Column air molecule number 

Rayleigh optical thickness of the atmosphere 

N = Nan /V = NaP / RT = 6.02E23*1.013E5 / 8.31 / 273 = 2.69E25(/m3)

Nair =1.013E5(N / m
2 ) / 9.8(m / sec2 ) * 6.02E23 / 0.029 = 2.1E29(/m2 )

R = 0.00864
(3.916+0.074 +0.050 / )Patm

R = NairCsca =
32 3Nair

3 4
(
m 1

N1atm
)2 =

0.0081

(μm)4

m 1 = 2.9E-4(1atm,0C)

Csca

32 3

3 4
(
m 1

N
)2 =

3.84E-32

micron
4

(m2 )

Rayleigh scattering 
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Small particle limit:  
Rayleigh scattering 

Multipole moments by dielectrics 

+
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r6 -4 

Large particle limit: 
Geometrical optics 

Large dielectric sphere:  
Mie scattering theory (1908) 

r2 0 

100 year anniversary in 2008! 
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Efficiency factors 

Efficiency factors 

Critical size parameter 

= kr =
2 r

Cext = Qext r
2 , Cabs = Qabs r2 , Csca = Qsca r2

c = 2(mr 1)

exp(-2ka) 

exp(-2mrka) 

2mrak 2ak =
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R = 0.00864
(3.916+0.074 +0.050 / )Patm

= aerosol + molecule

= a a + m m

P( ) = a aPa ( ) + m mPm ( )

Pm ( )
3

16
(1+ cos2 )

Contribution of atmospheric molecules

Rayleigh scattering

Gaseous absorption 
(water vapor, Ozone)

Tanaka et al. (1983) 
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Polar nephelomter
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Phase function
characteristics

K. Sato (1973)

Size distribution 
dependence

Real part of 
refractive index Imaginary part
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Particle size distribution  
Size distribution, Size spectrum 

Power law size distribution 

Junge distribution: p= 4 

Log-normal distribution 

Modified Gamma distribution 

n(r) =
Nn

2 nn

exp{
1

2
(
ln r ln rm ,n

n

)2}

n(r) ={
Cr p if r > r0
Cr0

p if r r0

n(r) = C r e r

v(ln r)d ln r =
4 r3

3
n(r)dr, v(ln r) =

4 r4

3
n(r)
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Observed size distributions 
Pasceri, R.E., and S.K. Friedlander (1965) 

N(r) = n(r)dr
r
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Size distribution in the atmosphere 

electrostatic hygroscopic 

dry/wet deposition 

gravitation/collision 

break 
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Power law size distribution 

 p=4 : Junge 

Aerosol distribution tends to have a power law type size 
distribution, then 

Ångström’s law 

Junge distribution 

Ångtröm’s law 

e = r 2Q(x)Cr pdr = C
0

k p 3 x 2Q(x)x pdx
0

= = p 3

= 1

n(r) ={
Cr p if r > r0
Cr0

p if r r0
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Size distribution in the ocean (1) 

Sheldon et al. (1972) 
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Size distribution in the ocean (2) 

dV

d ln r
=
4 r3

3

dN

dr

dr

d ln r
=
4 r 4

3
n(r)

Sheldon et al. (1972) 
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Refractive index of aerosols
Particle types

Water, ice
Soot, volcanic ash, dust like, H2SO4, water 
soluble, oceanic

mi=0 - 0.1 

mi=0.01
=0.5 μm
=0.25 /μm

E
2
= E0e

i( t mk0 x )
2
= E0

2
e x , = 2mik0 =

4 mi

mr=1.33-1.55
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Ma=29 g/mole, Mw=18 g/mole 

m(air atm/m3)= 1000litre/22.4*29E-3=1.29kg 

m(water/m3)= 1000kg 

Nwater/Nair=(m(water)/Mw)/(m(air)/Ma)=1250 

Observed value for water: 

Einstein-Smolukowski theory (1908, 1910) 

Csca = (1.934 + 0.9017
4.5) 10 4 (1 / m)

Cs,waterNwater 1250Cs,airNair = 0.0013 micron
4 (1 /m) ??? 
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Extinction and 
scattering coefficients 
of pure water 


